Quantized spin waves, or magnons, in a magnetic insulator are assumed to interact weakly with the surroundings, and to flow with little dissipation or drag, producing exceptionally long diffusion lengths and relaxation times. In analogy to Coulomb drag in bilayer two dimensional electron gases, in which the contribution of the Coulomb interaction to the electric resistivity is studied by measuring the interlayer resistivity (transresistivity), we predict a nonlocal drag of magnons in a ferromagnetic bilayer structure based on semiclassical Boltzmann equations. Nonlocal magnon drag depends on magnetic dipolar interactions between the layers and manifests in the magnon current transresistivity and the magnon thermal transresistivity, whereby a magnon current in one layer induces a chemical potential gradient and/or a temperature gradient in the other layer. The largest drag effect occurs when the magnon current flows parallel to the magnetization, however for oblique magnon currents a large transverse current of magnons emerges. We examine the effect for practical parameters, and find that the predicted induced temperature gradient is readily observable.
In a conducting bilayer system a steady current in an active layer produces a charge accumulation in a passive layer (in which no current flows) through interlayer Coulomb interaction. This effect, known as Coulomb drag, [1, 2] is caused by interlayer interactions and is essentially independent of the scattering mechanisms within the layer. We propose here an analogous spin-wave (magnon) drag in an insulating ferromagnetic bilayer system: the effect is caused by the magnetic dipolar interaction between the layers and is essentially independent of intralayer magnon-phonon and magnonmagnon interactions. The term magnon drag was first used to describe the increase of thermopower in ferromagnetic metals at low temperature due to local magnonelectron interactions [3] [4] [5] [6] . However, since magnons and phonons share many common features, such as their bosonic character, separating the magnon contribution from the phonon one, especially in weak magnetic fields, remains challenging. Recently, Costache et al directly observed a local magnon drag in a thermopile formed by parallel ferromagnetic metal wires [7] . Ref. [8] predicted that, in a layered structure, charge current flowing in one layer could induce, through spin transfer torque and local magnon drag, an electric field in a second layer. This effect was confirmed by recent experiments [9, 10] .
In contrast to Refs. [7] and [8] , we consider here a nonlocal magnon drag caused by long-range dipolar interactions between spatially separated layers. From the Boltzmann equation we show that a steady magnon current or magnon heat current running in the active layer induces gradients of temperature and/or magnon chemical potential in the passive layer. We emphasize that we consider incoherent distributions of magnons in each layer. This differs from Ref. [11] , which describes a coherent "cross-talk" effect between magnons flowing in two wires coupled by the dipolar interaction, similar to the effects of parasitic capacitance in charge-based electronics. Far from being a parasitic effect, the magnon transresistivity described here opens a pathway to study the contribution of dipolar interactions to magnon transport, which is important in current experiments and applications in spin-wave spintronics [12] [13] [14] [15] [16] [17] , in which the excited spin waves have relatively long wavelength and the dipolar interaction easily overwhelms the exchange interaction. Furthermore, the anisotropy of the interlayer dipolar interaction allows the induced effects on magnon transport to have components transverse to the current -a novel effect that we name the "nonlocal magnon drag Hall effect". A schematic picture of the nonlocal magnon drag geometry is shown in Fig. 1 with two parallel layers with parallel in-plane magnetization. The two layers are well separated and thermally isolated, so they only interact via the magnetic dipolar interaction. In analogy to Coulomb drag, a steady magnon current flows in the active layer (layer 2), and the passive layer (layer 1) begins in equilibrium (i.e., there is neither magnon current nor heat current). The magnon current density is defined by the magnon distribution function. Before switching on the steady current both layers are in thermal equilibrium at the same temperature T . A steady magnon current in layer 2 brings its own distribution out of equilibrium, and drives layer 1 to a new quasi-equilibrium state through the interlayer dipolar interaction. The change in the distribution function in layer 1 reflects the formation of a chemical potential gradient, ∇µ 1 , and a temperature gradient, ∇T 1 . The induced gradients in layer 1 are connected to the driving magnon current j 2 , and magnon heat current j Q2 , by the 2×2 transresistivity matrix (C 12 , where underline indicates the symbol denotes a matrix with scalar matrix elements):
whereĵ 2 andM s are the unit vectors of the driving currents (j 2 and j Q2 , which are in the same direction) and the saturation magnetization (M s ), respectively. Equation (1) shows that the induced field is maximal when the driving current is parallel to M s and is minimal when the two are perpendicular. It is only in these two cases that the induced fields are parallel to the driving current. For all other directions, the induced field in the passive layer will have a component perpendicular to the direction of the driving current. The transresistivity matrix C 12 and the angulardependence are determined by solving the Boltzmann equations for the two layers. For layer 1,
The interlayer collision term on the right hand side of Eq. (2) is constructed by applying Fermi's golden rule to the dipolar interaction
where L is the thickness of each layer, r is the position vector within the film plane, ξ is the coordinate perpendicular to the film, and m is the small deviation of the magnetization due to the existence of the magnons.
The explicit form of the collision term (see Supplemental Material [18] ) is
, and
where g is the Landé factor, µ B is the Bohr magneton, d is the distance between the two layers, and ϕ k is the angle between k and M s . The tunneling of magnons between the two layers has been suppressed by requiring that the magnons in the two layers have different dispersions. For example, the two layers can be subject to different Zeeman fields or they can be made of materials of different exchange stiffnesses. Here we assume the former condition so that the magnons in the two layers have different energy gaps, ǫ 01 and ǫ 02 . The Boltzmann equation for layer 2 is obtained by interchanging subscripts 1 and 2 and k and p in Eqs. (2) and (4). The transresistivities depend on the momentum (k) and thermal momentum (k(ǫ k − µ)) transfer rates, obtained by multiplying the collision terms by k and k(ǫ k − µ) respectively and performing the summation over k. By linearizing the collision terms about the regular and thermal drift momenta, driving currents are introduced into the transfer rates, which, in a steady state, must be balanced by opposite rates of change generated by the fields in each layer coming from the left hand side of the Boltzmann equations. From these balance conditions we obtain the equations that connect
The momentum transfer rate due to the interlayer collision term, obtained by multiplying Eq. (4) by k and summing over k, depends on the summation
where the cos 2 ϕ k (1 + sin ϕ k ) 2 in the integrand comes from the square of the interlayer dipolar interaction, Eq. (5), f (k) denotes a function that depends only on the magnitude of k, θ is the angle betweenĵ 2 andM s as shown in Fig. 1 , andê (ê ⊥ ) is the unit vector parallel (perpendicular) toĵ 2 . A similar summation appears in the calculation of the "thermal momentum" transfer rate. Equation (6) shows that the θ dependence of the transresistivities results from the anisotropy of the interlayer dipolar interactions.
Temperature dependence of the transresistivities.-There are two general approaches to the study of thermodynamic properties of quasi-particles: at fixed chemical potential (grand canonical ensemble) or at fixed particle number (canonical ensemble). Yttrium iron garnet (YIG) is a proper material for these studies. Due to its short thermalization time (< 100 ns) and relative long spin-lattice relaxation time (> 1 µs), magnons in YIG can maintain a quasi-equilibrium state with a non-zero chemical potential via energy transfer from microwave fields through parametric pumping [21, 22] . Noting that the chemical potential increases with increased pumping power at a given temperature (i.e. room temperature, as in Ref. [22] ), one can realize a fixed chemical potential µ 2 in the active layer by adjusting the pumping power for different temperatures. On the other hand, a fixed number of pumped magnons can be achieved by fixing the frequency and the power of the microwave field. In both cases, the transresistivities depend on the temperature T of the active layer.
Fixed chemical potential.-Suppose a steady magnon current flows in layer 2 along M s (θ = 0 for a maximal effect), and the two layers are initially at the same temperature (T ). The transresistivities have been defined in Eq. (1). In the high temperature limit such that (ǫ 0i − µ i )/k B ≪ T ≪ T c (T c is the Curie temperature and is 550 K for YIG), we consider only the momentum transfer rate due to the interlayer collision and the leading order terms in temperature. A quadratic dispersion (ǫ ik = Dk 2 + ǫ 0i , with D the exchange stiffness) has been assumed to simplify the calculations. The resulting transresistivity matrix is
and the temperature dependence of its components (in the high-temperature regime) is
where ζ is the Riemann zeta function and Θ(T ) = {π Fixed number of pumped magnons.-The areal density of magnons in two dimensions can be calculated analytically,
At thermal equilibrium, the chemical potential µ = 0. Let δn be the number of pumped magnons per unit area, then δn = n(µ, T ) − n(0, T ) and the chemical potential depends on δn and T ,
. (12) µ increases as δn increases or T decreases (as the magnon gas approaches Bose-Einstein condensation (BEC)) and is always less than ǫ 0 . In the right column of Fig. 2 we compare the transresistivities calculated for a fixed chemical potential µ 2 (blue dots) and those for a fixed number of pumped magnons (red triangles). The results show that the most significant difference is inC 12 µµ in the low temperature range. If the number of pumped magnons is fixed, lowering the temperature will lead to the formation of a BEC below 9 K (for the parameters we are using), and therefore, the transresistivities cannot be enhanced as much as in the fixed chemical potential case (before they begin to fall again at even lower temperatures). The BEC is beyond the range of validity of our model, since the magnon number in the BEC state cannot be described by the Bose-Einstein distribution alone [23] .
We now estimate how large a ∇µ 1 can be induced by j 2 from Eq. (1). For layer 2 at a uniform temperature, j Q2 is related to j 2 by j Q2 = π/(12n 2 Dβ 2 )j 2 . At room temperature (n 2 = 4.7 × 10 18 m −2 ), j Q2 /j 2 ∼ 0.01 eV, and C −22 s. This temperature gradient is sufficiently large that it may be detected by means of the spin Seebeck effect using current experimental sensitivity [16] . Suppose the magnon thermal mean free path in layer 1 is 10 µm, the spin Hall angle in Pt is θ SH = j e /j s = 10e/(gµ B ), and all the magnon current is absorbed by the detector. The charge current density in the Pt contact due to the temperature gradient induced in layer 1 is about 10 6 A/m 2 . The corresponding ISHE voltage across Pt of width 200 µm is 20 µV with a conductivity of 10 7 (Ω · m) −1 , which is readily observable. The observed voltage in current ISHE measurements can be as small as 10 nV [25] , so our effect is three orders of magnitude above the sensitivity threshold. The total effect in layer 1 is reflected in the redistribution of the magnon density,
From the above analysis, we estimate the induced gradient of magnon density in layer 1 to be 2.3 × 10 26 m −4 . A change of the density over a distance of 1 µm should be detectable by micro-focused Brillouin light scattering (BLS) with sensitivity of 10 14 cm −3 [14, 24, 26] , corresponding to a gradient of 10 26 m −4 . Thus the predicted effect in the magnon density is more than a factor of two larger than the current experimental sensitivity.
Dependence of the transresistivities on distance between layers-The four transresistivities (Eqs. (8) to (10) ) are affected by the interlayer distance via the collision term (Eqs. (4) and (5)), and share the same d dependence in the high temperature limit, since they depend on the momentum and thermal momentum transfer rates induced by the regular drift momentum only (which is shown clearly in the full expression of the transresistivities in the Supplemental Material [18] ). The dependence ofC 12 µµ on d is shown in Fig. 3 . For a large distance between the layers the magnon drag transresistivity is found to decrease faster than the familiar Coulomb drag transresistivity, i.e., faster than d −4 [2] . To conclude, we have studied the nonlocal drag effect in a bilayer of two-dimensional magnon gases. It behaves quite differently from ordinary Coulomb drag, due to the combined action of Bose-Einstein statistics, nonconservation of the magnon number, and the anisotropy of the interlayer interaction. The drag effect exhibits a strong angular-dependence. The induced fields are largest when the current flows parallel to the saturation magnetization, and have components transverse to the current for oblique flows. The transresistivities can be increased by orders of magnitude by lowering the temperature or by decreasing the interlayer distance. Although the induced chemical potential gradients are about an order of magnitude smaller than current experimental sensitivity, the induced temperature gradients we calculate are three orders of magnitude larger, and induced magnon density changes are a factor of two larger than current experimental sensitivity and thus should be readily observable. To illustrate the drag effect quantitatively, we have considered only a quadratic magnon dispersion in this Letter. Realistic dispersion of magnons in ferromagnetic thin layers may affect our estimated quantities and deserves future consideration.
